Introduction
A precise specification of the trajectory of the end effector is a prerequisite to successful application of a manipulator to many tasks. Arc welding, spray painting, conveyor-belt tracking, and gluing are some tasks that require specification of both the spatial and temporal aspects of a trajectory. In the most general case, not only the Cartesian position and velocity of the end effector, or hand, must be specified, but also the Cartesian accelerations.
The transformation of a Cartesian trajectory of the hand into the corresponding joint-angle trajectory of the manipulator, the so-called inverse-kinematics problem, has been studied primarily in the context of positions and velocities. Reasonably efficient algorithms have been developed for these transformations (Paul 1981; Featherstone 1983 ), yet little attention has been paid to the solution of the inverse kinematic accelerations.
In this paper, we present an efficient algorithm for the calculation of the inverse kinematic accelerations for a six-degree-of-freedom manipulator with a spherical wrist, based on a technique developed by Featherstone (1983) for inverse kinematic positions and velocities. In addition, we show that the inverse kinematic calculations work synergistically with the inverse dynamic calculations, because the extended Featherstone method yields kinematic parameters needed in the backward recursion steps of the Newton-Euler dynamics formulation (Luh, Walker, and Paul 1980a) . We note that consistency argues that dynamics be particularized as well to spherical-wrist arms, resulting in considerable computational savings. Last, we examine simplifications in the dynamic computation due to simply structured inertial parameters as well as to simply structured kinematic parameters.
INVERSE KINEMATIC POSITIONS
A benign kinematic structure is a characteristic of most manipulators. Whereas kinematicians might choose to treat arbitrary linkages, manipulators are usualy designed to satisfy two simplifying kinematic criteria: (1) there is the kinematic equivalent of a spherical wrist, and (2) neighboring joint axes are oriented at 0 or 90 relative to each other. Pieper (1968) originally showed that a wrist with three intersecting axes of rotation, which is kinematically equivalent to a spherical wrist, is one of the configurations that leads to an analytic, inverse-kinematic position calculation. The spherical wrist allows a decomposition of the six-degree-of-freedom inverse kinematic computation into two three-degree-of-free-dom kinematic computations, through a separation of the orientation specification from the position specification. Most Pieper's work, Whitney (1969; 1972) proposed the resolved motion rate control method, which computes the inverse kinematic velocities while avoiding computation of the inverse kinematic positions. Whereas an analytic inverse kinematic position calculation is critically dependent on a benign manipulator configuration, the inverse kinematic velocities can be easily computed for any arbitrary six-degree-of-freedom manipulator. If 0 = (01, ... , B6} is the vector of joint angles, and x = {xl, ... , x6) is the vector specifying the position (Xl' X2, x3) = (x, y, z) and orientation (x4, x5, x~) _ (0~ , 0~ , 0.) of the reference point on the hand (Fig. 1 (Luh, Walker, and Paul 1980b) (2) nonlinear control (Freund 1982) and (3) Cartesian impedance control (Hogan and Cotter 1982) As can be seen, the exact formulations of the feedback Once the hand acceleration x has been derived, whether by a trajectory planner or by a hand-based control law, the joint accelerations can be found through differentiation of (Eq. 1 ):
As in the inverse kinematic velocity computation, solution of the inverse kinematic accelerations by matrix inversion (Eq. 8) is very costly (Table 2) . Again, since the inverse Jacobian itself is not of interest, the joint accelerations are better found by solving (Eq. 7) through Gaussian elimination (Table 2) hand. Yet some of the more common Cartesian trajectory-planning algorithms, such as those built around straight-line, constant-velocity segments (Taylor 1979; Paul 1981 ) Step 1: 9 multiplications and 9 additions.
Step 2: 15 multiplications, 9 additions, and 5 transcendental function calls. In deriving the additions and multiplications, we note that for B3 the subexpressions a2 + s4 and 2a2s4 can be precomputed.
Step Step 1: 6 multiplications and 6 additions
Step 2: 15 multiplications and 7 additions
Step 3: 14 multiplications am 11 additions
Step 4: 2 multiplications and 1 addition 6. Inverse Kinematic Accelerations
Step 1: Find the wrist linear acceleration. This is readily found as
Step Step The joint accelerations can now be found: Step 1: 12 multiplications and 12 additions. Here, (J)6 X p~ is already known.
Step 2: 29 multiplications and 17 additions. It is required to compute 2 W2 here.
Step 3: 30 multiplications and 23 additions.
Step 4: 8 multiplications and 5 additions. Table 4 summarizes the results for computation of the inverse kinematic positions, velocities, and accelerations.
Dynamic Computation
In the recursive Newton-Euler-dynamics formulation, which is the most efficient one (Hollerbach 1980 ), a kinematic computation precedes application of the Newton-Euler equations. Because of the simplified kinematics of spherical-wrist robots, the kinematic portion of the dynamic computation is simplified as well. In addition, the inverse kinematic computations produce some of the same quantities as does the inverse dynamic computation. Therefore, a combined inverse kinematic-inverse dynamic computation would save some operations in the latter computation.
RECURSIVE NEWTON-EULER DYNAMICS
The recursive Newton-Euler computation of the dynamics proceeds by a two-step recursive procedure Fig. 5 . An illustration of vectors defined in the text. (Luh, Walker, and Paul 1980a (Hollerbach 1980) . Under the best conditions, an exact evaluation of the dynamics has roughly the same complexity as a full evaluation of the inverse kinematics (Table 4 ).
Discussion and Summary
An algorithm for calculation of the inverse kinematic accelerations has been presented that is the most efficient one to date. Based on a method developed by Featherstone (1983) , the algorithm directly takes advantage of the structure of spherical-wrist manipulators to decompose the six-degree-of-freedom inverse problem into two three-degree-of-freedom inverse problems through a four-step procedure. The resultant equations for the first three joints, but not the last three, are particular to a given manipulator structure, but the technique is easily extended to other structures. One could envision a catalog of equations for the most common manipulator configurations.
Spherical wrists are the most important case for current six-degree-of-freedom robots and are becoming standard. An additional simplifying kinematic criterion, namely that neighboring joint axes are oriented parallel or orthogonal to each other, is almost always followed in manipulator design and aids the solution to the two three-degree-of-freedom kinematic problems.
These two kinematic criteria have a simplifying effect on the dynamic equations as well. Since in the recursive Newton-Euler equations (Luh, Walker, and Paul 1980a) (Luh, Walker, and Paul 1980b; Freund 1982; Hogan and Cotter 1982) are made computationally feasible, making these algorithms more competitive with schemes that close force loops around the hand to avoid the inverse kinematic problem (Khatib 1980 Starting first with the angular velocity 2W2,
